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SECTION 1

INTRODIICTION

1.1 Reason for the Study and Statement of Problem Conditions

The Ballistics Research Laboratory (BRL) has developed an iterative

method to determine L.bital parameters. A need exists to have an initial

approximation correct t, approximiately 10 per cent. This study has been

undertaken by the Philco WiLst .r' Development Laboratories to determine a

method for finding initial values. Errors of less than 50 to 75 miles

in position, and 1/2 to 1 mile/sec in velocity are specified.

The following conditions were specified for the system:

a. Method: Polystation Doppler

b. Ability: Acquire and track a body to 1000 miles altitude.

c. Limitations:

(1) No knowledge of vehicle position prior to acquisition

(2) No assumption about the nature of the path

(3) No cooperative equipment aboard the vehicle.

1.2 Scope

An error study was performed to determine the dependence of rms

error in position and velocity on rms error in the observed quantities.

The latter were assumed equal and independent. The error matrix was

calculated for a number of circular orbits passing through points in a

pre-assigned grid.

A mathematical model was constructed for data reduction.

Position-finding consists of a system of fourteen linear equations

solved for approximate values of the position coordinates. These are

then adjusted by the standard least square method to their maximum-

liklihood values. For technique, see flow chart (Fig. 2a)

For velocity, the interval immediately following the vehicle's

passage through the grid plane is considered. For this interval, readings

to two stations are used, in conjunction with the adjusted position

coordinates, to find approximate values of the horizontal and vertical

velocity components. These are then adjusted to their maximum-liklihood

values by the use of least squares technique on all four of the readings

available for this interval.
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Test cases were designed for the mathematical model using circulat

orbits passing through poinrs in a grid in the fan beam's central plane.

The orbit plane in:lination was varied through several different values

(see Section 4.8 and Fig, 4). For sequence of steps see flow chart,

Yig, 3.

1-2
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SECTIO" 2

RESULTS AND CONCLUSIONS

The urror study made indicates that the BRL conditions can be met

"y the proposed system. Errors of the order of ten wavelengths can be

tolerated at 300 mc The error study which was performed for circular

orbits, resulted in data which is presented in the form of graphs, some

as curves and some as straight-line graphs

To permit selection of optimum boamidth, errors were studied for

values from 8° to 300 For evaluation of the selected case, charts are

presented for constant beamwidths In order to aid in evaluating a system

-fter beamwidth has been decided upon, graphs of error propagation factors

were plotted holding beamwidth constant

2-1
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SECTION 3

RECOIDENDATIONS FOR FUTURE WORK

First in priority for (urLher work would be continuation of the test

case computation fir the data reduction model. (See Section 6 )

Second, 4s a lesz major task, a more realistic error calculation for

the special case of minimum-Lime- in-beam orbits should be done

third, it would be desirable Lo virv the number of time increments

This might decrease the accuracy of the approximate values determined,

but would improve the least squares ajustmencs There is reason to

believe a net improvement would result

Fourth, a review of the condition, impoed on the system reveals

that the raost stringent are embodied in the following two assumptions

a Passag, through the beam's mid plane i, assumed to occur at
mid-time

b itme nf entry into of d exit fron! the inner beam are assumed known

In the present system it is the coordinates of this 'piercing point'

for which the system is solved Unless the vehicle is so coopeiitive as

to maintain a velocity configuraLion and reflection characteristics so that

it actually does picrce the mid-plane at the mid-time between first and

last discernible signals, there is no reason to suppose that this assumption

will hold in an operational sy,.tem Of course, this point is always dis-

cernible if a split beam is employed However, in the process of writing

the final report, it was derprmind -hat both of theve conditions could bc

removed for a fan beam as weil and thus permit the solution of the system

tor any point on the path of the vehicle as it travels through the beam

Further, it is possible to commence and cease taking readings at will,

rather than having to assume that reading commence simultaneously with

entry into the beam and cease simultaneously with exit from the beam Un-

certain boundry knowledge of the beam renders this technique questiorable

For the above reasons, it is strongly suggested that the scope of rhe

present task be extended to include a thorough investigation of the above

system.

3-1
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SECTION 4

SYSTEH DESCRIPTION

4 1 General

The Pcystation Doppler Svsloem has the ability to acquire and track

a moving vehicle. A system is !=d to Acuire if it can determine the

position of a eody without prior knowledge of its position or velocity.

A system is said to track if it can find successive points on a vehicle's

path using prior position information A Doppler Polfstation Syste as

used herein refers to an acquisition and tracking system of more than one

station which bathers only information regarding diminution or augmentation

of received cycle due to motion of the vehicle relative to the station

complex

This particular system must be able to acquire and track any vehicle

up to 1000,miles in attitude. The region of coverage is 800 miles long

and 1000 miles high, and is limited laterally by the sides of a wedge-

shaped beam.

4.2 Configuration

The system is composed of four receivers and one transmitter, located

alone an arc of a great circle, with the transmitter at one end of the

array All RF signals are transmitted from the ground, reflected from

the vehicle and received at four ground stations. No equipment is required

abudLd Lite vuhilu A L.uwI|puLuL LU LedueC daLa front h Lrackiog sysLuw

is the only other equipment required.

4,3 Operation

A coninuous signal of constant frequency is transmitted from a

ground station. This signal is reflected from the vehicle and received

by the several receivers. The time during which signals are received by

all four receivers is the period of observation for collecting data to

be reduced for position and velocity information, The distance from the

transmitter to the vehicle plus the return to the receiver is defined as

the range-sum,

During this interval a certain number of cycles are received. This

is compared with the number of cycles transmitted in the same

4-1
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time int~r,.il AitI.rnativc.y, having detcrminc.d the total time of

observatior ri.t, - '.i'. .t into i number of sub-intervals arid determine

the cycle count diffcrence for the time increments We shall do this in

the following way Lik tht total time of signal reception Divide this

iato fourteen pars Let the end of the seventh rcading be the reference

point (-,-I Ia'' tne cycle cuuo-t diffcre, ot.s rceived in inttrvals of

tim endir.; (foi fbc ii t balf) or begirnting #for the second half) at

this refcrcncc tir., Thcse will be dcnotcd hy tj They will represent

the rango-s.nm di crcncci between tke tt time and the reference time

ncasurvd in wavel 'grhs; Iat i.s, "g.j i: the increase or decrease in the

range-sums Irec difference bctwe-er the transmitted cycle count and

received cycle count of the ith time and thu reference time (r = 0) is

determined by usn, 3 common tim2 reference The data is presented to a

computer which solves ror vehicle position and velocity The time at the

center of th. tota t nA0 of observation is dets..mined and position and

velocity for that rime are determined Knowing this point, position

coordinates are easily determined for the other times

4 4 System Synthesis Assumptions and Definitions

The eperational requirements of tbis system do not demand arty assump-

tions ,l)out the *-ipe of the earth or its rot-ition The only requirement

is that the fihe stations be co-planar In synthesizing a system for

discussion in r'lis rcport a .ipherical earth was assumed for comp,'tational

convenience in pldcing the ground stations along a great circle In the

bLudy of Ltror as o function of grid position (g-dop), circuiar orbits

were chosen because they were bufficiently general to pe rit reliable con-

clusions to be drawn, yet not so complex as to hamper the study or draw

attention from the t.rue purpose. The trm "cvclL- count" is defined as the

number of dopoler cycles counted in some definite timeslected for measure-

ment, aE opposed to "frequency" which usually indicstes the number of

cycles in one second

Position is referenced to a right-handed Cartesian coord.aate syst'm,

rotating with the earth, centered at the transmitter, and oriented as

follows. (1) The x-ads passes through the transmitter and the last

receiver, positive in the direction of the receiver; c2) tbe z-axis lies

in the plane of the stations and passes through the transmitter, positive

t4 2
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Oupward" relative to the earth; (3) the y-axis is chosen to complete a

right-handed Cartesian system.

Approximate position and velocity data are determined by the solution

of certain condition equations. It is assumed that these values sufficiently

-oincide with the true values to warrant a first order approximation. 'hese

-,&adjusted solutions ace used as input to the least squares adjustment tech-

nique This does not mean that this is an iterative technique One, and

only one, adjustment in values is made.

The effects of both special and general relativity were studied. In

both cases, the effects were foind to be non-existent. Special relativistic

effects are cancelled since the transmitter and receivers do not move relative

to each other The possible introductioiL Qf an effect due to accelerations

of the vehicle relative to the station complex are nullified by assuming that

the energy is reflected from the vehicle in zero time.

General relativistic effects are also non-existent In the pioposed

system the stations are all located on the surface of a spherical earth.

Therefore, all stations are at the same gravitational potential. While

this will not be absolutely true for any operational system, nevertheless

Lhe anticipated variation in gravity potential at different station locations

would be beyond the precision of measurement _n ufle foreseeable future.

ZL 5 System Syndthesis

Having defined the coordinate system, the coordinates of the grou'!d

stations may be defined as follows. (1) Successive ground stations are

located so that the differences of their x coordinates are equal. (2) Since

the ground stations lie along a great circle and the x-axis is defined as a

hILd nLLteL L!C Lig the circle at the transmitter and the most remote re-

ceiver, the z-coordinates are determined by knowing the radius of the earth,

see Appendix B 1, i , ) The y-coordinates are, of course, zero. Thus,

viewed as points ir the x-z plane, the transmitter is located at (0,0) and

the four receivers at R (a (3a,b), R4(4a,0 ) . (See Appendix

B.4.1 for derivation of expressions for b,c.) (See Figure 5,) The only

condition reg,.ired by this syzstem is that the five stations be co-planar

For computational convenience we assume they are located along a great

circle on the surface of a spherical earth.

4-3
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In our case, the x.coordinate difference referred to in (1) was

taken at 200 miles. The resulting values of z were, respectively, for

the four receiving stations, approximately 15, 20, 15, 0 miles. Exact

figures are derived in Appendix B 4 1. The more accurate figures were

used ii all computations in order to preserve consistency with an assumed

spherical earth of 4000 mile radius.

The direction and beamwidth of transmission and reception create a

region of observation which is wedge shaped, with the center plane of

symmetry being the az plane The edge of the outermost wedge is the x-axis,

the inner beam edge being tangent to the sphere at receiver three. (See

Fig 4 , The generating angle of the wedge is the beamwidth,

4 6 Selection o Optimum Beamwidth

To permil the selection of an optimum beamwidth, sigma matrices for

position and velocity were calculated for beamwidths of 80, 100, 150, 200

0, an 0 x 0
250, and 300, Charts of am , am , , and -- are presented for

°M cM1 oM

contours of constant altitudes for vrious combinations of horizontal

displacement x and orbital-plane angle. (See Fig 4 and Figs 6 to 14.)0

a is the standard deviation and M is the range-sum difference.

4 7 Error Propagation for Fixed Beamdwidth

Having selected a beamwidth, Figs 15 to 20, showing the behavior of

ox Cz, , are presented as functions of altitude, holding constant x

(horizontal displacement) and 0 Figures 21 to 28 are also presented

showing the behavior of -i , z , as functions of horizontal displacement
aM 'M

for constant altitude and 0. These charts are for constant beamwidths

and are presented for values of 80 and 150, By super-imposing on a light

table, many of these 80 to 150 pairs of charts may be compared and inter-

polations performed to find a values for intermediate values of beamwidth

4-4
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4.8 Statistical Evaluation of the System

In order to dcmonstrate the statistical practicability of solving

for position and velocity within the error bounds stipulated, a number

of representative paths were synthetically generated. These paths pass

through the beam at 35 places, intersecting the grid plane (the xz plane)

at angles of 0, 15, 30, 45, 60, 75, 90 degrees ac each gri.. point.* In

order to synthcsize a situation representative of operational conditions,

circular orbits were selected which intersected the grid plane at points

defined by distances of 50, 200, 350, 500, and 650 statute miles ainng

the x-axis and distances of 150, 300, 450, 600, 750, 900, and 1050 statute

miles along the z-axis. (See Fig. 4 ) The data restilting from this

study are presented throughout the text. The equaLions of the model

are included in Appendix B,

Those for 90, of course, lie in the

grid plane.

4-5
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SECTION 5

DATA REDUCTION

Approximate position and velocity data are determined by the solution

of certain condition equations. It is assumed that these values coincide

.ufficiently with the true values to warrant a first order approximation.

This is equivalent to saying that the value of the variance-covariance

matrix does not change appreciably in the region containing both the

adjusted and true values,

This does not mean that the mathematical model requires an initial

point or prior knowledge of the vehicle's movement It means that the

model only requires that the (as yet unadjusted) solutions to the model's

equations be sufficiently free from arithmetic error propagation to warrant

the first order approximations,for it is these unadjusted solutions that

are used as input to the least squares adjustment technique.

It has not been implied that this is an iterative technique. One,

and only one, adjustment in values is made. If the unadjusted value is

close enough to the correct values to warrant the first order assumptions

made, the adjusted value may be shown to be the Waximum-likelihood value

in a least-squares sense

5 1 Wavelength

In this system wavelength, A, is assumed to be known, since the

transmitter is on the ground.

5 2 Time Duration of Cycle Count

The time of entry is defined as the first point in the beam at which

the vehicle is simultaneously observed by all four receivers We shall

assign as the time of exit from the beam, a point which is symmetric to

the enrry point on the opposite side of the grid plane Zero tin.- will

be the time of passage through the grid plane, the centermost plane of the

beam,

5.3 Cycle Count

Information is ruceived in the form of a plot of doppler frequency

in cycles/sec vs time in seconds at each of the four receiver locations

for the full period of time (tin to r out) that the vehicle is in the beam

5-1
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of antenna 2 This may then be integrated tc yield total cycles countou

in any given interval

Alternatively, cycles may be counted directly, thus elimin.ting

several steps. It may be possible to utilize the computer itself as a

-ounter This would be especially attractive since many modern computers

could serve as a self-contained time reference while accepting and pro-

cessing data in real time

5 4 Station Lccaticr.

It is assumed that the position of the receiver stations (XjZj) relative

to cne another ind tc the transmitter are known to the necessary accuracy.

As described earlier (see Section 4, System Description) all results are

relative tc a c-crdirate system moving with the stations

5 5 Range-Sum Differences from Cycles Counted

The observed values of range-sum differences will be referred to

as M i or Nk andl will be determined as follows:

S[c (i-8)t-Q 
] i 1, 7

Lc (i-7)At - 8, 14

j- 1, o 4

where c is the velocity cf propagation in miles per second and >. is

the wavelength of the transmitted frequency in miles

When written wILh a single subscript 1' = ii

for k = j + 4 (i-1) 3 = 1, A

and k 1, , 56 1 T 1, 14

5 6 Position Determination

5 6 1 Range-Sums (Apprcximate) From Range-Sum Differences

Let o. denote the distance from the transmitter to the i t h

t)vehicle pcsitirn to the i station; rid, the distance from the
ic'.th

transmitter t: the vehicle position; ri, the di-tance from the i vehicle

position tc the Irb receiver; (Xi. Z i) the coordinates of the j th

ground station (note that the transmitter is at the origin); and

(xo, z ) the coordinates of any point in the grid plane

5,2
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Oij =ro + rij

i j rio - rij

Therefore
2 2 2 2

rio x 1 .

2 (ziZi)2rii I i  Xj 1. (Y

Let d j2 = 2 *

j XJ 3~

Thep 2 2
( i. rio -- (=

and therefore

2 2 r io J+ r 2 2Z d3 ij i2 13_  10r = r. -2 X. x. -2 Z.z i +d2

and so

2 XX. 2 .z. - 2 = r - d 2

Four equations of this form may be written in determinant form

as followc (0oj is written as oj for convenience)

2 d2

01 d1 x I  Z1

02 d2 02 X2 Z2
f0=f 032 d3 2  0 X3  3  0

2 2
04 d4  04. X1, Z4

The determinant is zero since 2z. column (4) + 2 x. column

(3) -2 r. column '21 = column (1)10

Now this equation is valid for any point (xi, yi) zi- in

space tWhen this is written for the i vehicle position,

2 2(0o I 1~ d o + Mil2X 1  Z1

2 -d o+M 2 2(03 Mi 2 2N X2 Z2 -f (3+M32 d2 0 3 Z

(o h + Mi4 )
2  d 2  O& + Ni4  X4  Z

5-1
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By subtraction, g, = f " -f = 0 which may be written in the
14

gi= ap U = 0

P=l

(These will be used as condition equations for the least squares adjustment.)

Where

UI PiU 5 : P1  U9 = P1 P2  U1 3 =P 2P 4

U2  P2 U6 =P22 UI0 = P1 P3  U14 = P3 P4

U7p
2

U 3 3 U 7 =P3 UIIC P1 P4

u 4 O ua 8 P4 ° 12= '2 P3

The solution UI, .,, U4 of these fourteen "pseudo" linear

cquations will be treaLtd as approximations o0 p2
0, 0 , p4

0 to the true pj.

5.6.2 Range-Sums to Rectilinear .Grid Coordinates

Using three (say Pk' p' Pilp) out of four of the P1 P0

0 00the values x , z 0  and incidentally r 0 may be found by solving

2Xk xoO +20k - ro° = (dk)2 _ (pk )2

2x1 x +2Z1 zo
0 -2 p1

0 r 0 = (dl) 2 - (01o)2

2X x 0 +2Z z 0 2 0 r.0 = (d in2 (pm 0)2
ml 0 m o 0 m m r

For example
2 02

dk2 (p k) Zk rk°

2 o2  0

d 2 o2z Pm

0 o(0 Z D
X k Z k k

X z Om M

(It is not suggested Cramer's rule be applied in actual cases. Modern

matrix inversion techniques almost invariably yield more reliable results,)
5-4
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The "best" set alt, c' P. may be determined by evaluating

the Jacobian, J, of the transfoiation for the C3  = 4 possible combinations

of Pi 0 2 0 03 o 14°

o 0o

0 a 0o 0 0

o or
Xo o o

0 0 0

a0 1z 0 )

ror example

0 0

X d 1 Z 0

2 oL
0X I  Z1  0 +D d-pOG ZI p

o2 ] ___ z o 2 o

1x0  m 0 a m m 0
0

5.6 3 Residuals

sueiiong arations , z rather than true values will0 0
cause the condition equations to yield non-zero values Therefore, we

shall define E. as the residuol of the i t h condition frnction

14

g(x 0,z0 . U.0  P = c i=1, _14

j=l

Where U. is evaluated at x = x 0 z = z o

J 0 0

5 6.4 Least Sguares Adjustment

The observed values M Ik = 1, ., 56)and the 2 approximate

parameters x, z will be adjusted to satisfy the conditicn equations

while simultaneously minimizing the sum of the squares of the M djustments

8I; each observation is given equal weight since the errors in the Mk

were assumed of equal variance (see Sec, 7.2

5-5
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Consider the 14 condition equations, r,, i=l,. 14 (see

Section 5.6.1)

Let the Lolumn vector of the residuals ei be E

61g agi

A A Bw :

4 0814

Let

zv0 = V be the correction vector of x°

The condition equations can be expanded as Taylor series and

retaining only the first powers and constant terms, they become

56 2

h kZ aik k + X biq Vq + ei = 0

q=l

or in matrix foim

A 6 + BV + E = 0

Define the sum of squares to be minimized as s and subtracting

14 zero terms as follows

56 14
1 2 -2 i  hi

om  k=l i=l

where the \. are a set of 14 Lagrange multipliers whose

column matrix is X.

To obtal7 a m.nimum, differentiate s with respect to 5k and vq
and equate the resulting expressions to zero,

I 1 14

2 aFk 2 'k Xiaik

14

2 O~ o b.

q

5-6
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Let oT be 3 di.vonl mrrix each element cf which has
th(1 vWUC ,

Th,-e expre .iors may be writteo i,. matrix form as

03i oI A Ar k

Br

then I

A - BV E 0 becomes

A c . A h- BV 4- E = 0 or
ATi

A 'A°0  I (BV * Ei and

T ' T I
'Ao A . E) =0

therefore

V= (B 'An AT B, (B T Ac°  AT) - E

Lit Br i~T
[P 1 (Aoc A

(N may be a desired output,

then
V N H E is d teriined as the column matrix of the

adjustments and the aajusted vaiues of c, z are obtained from

Vi] - II

5,7 1 Definitions and -ssumpcions

VCoCity, as us d he.e. iz, defined as the average velocity

in the interval 4t immdiaely following passage through the beam'5

central plane

In the determination of velocity, it is assumed that the

adjusted values of the position coordinates are available

57
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5 7 2 Conditir~a Equations

Refer to Section 5.6.1 on position finding condition

equations [or definLlons

£he four condiLion equations for velocity are;

+ zo iAt 0 B x 0o 0C 0

j=l,

where

r rOo n
0 0

o 0z z Z__ = o_ o i
.3 0 +az  r ° r

z 0r0
0

As may be seen and - are evaluated for the
0 0

adjusted values xo, z of position

Of these four equations, one particular pairing may yield

better results than all others To determine which set of two will
0 0

yield best results, the Jacobian of the transformation Mp P, M , z °

may be evaluated for each of the C 2 cases

__a __R

J = (Z-L) 
2  00 -0

x z0 0

Where the elements of J are evaluated for x = x, z = z°

The solution of this system will yield values of velocity

components which we view as approximations These will be denoted by

"0 0
x and z

0 0

5-8
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5-7 3 Residuals

Define C . 14 J - 1,2,3,4 as follows.

AL 0 6 0 0

where p = j + 14

0 0
Using approxiMate values X 0 and z 0 instead of true values

will cause the Cj + 14 to be non-zero.

5 7 4 Least Square AdiusLment *0 . 0

Let v. , v denote the adjustments to x , Z , and X,
X Z 0 )0 0

the adjusted values It is assumed that the adjusted values x and z
0 0

used are error-less

To find the corrections to x o and z o we evaluate0 0

S. XiQ Oxxz)

2x zZ

as in section 7 3 and the matrix

Then

0 0

[v a 8Ox P1  9 P4 e1

(aFx_ ax

0 0

5-9
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SECTION E

TEST CASE FOR DATA REDUCTION MODEL

6 1 Feasibility Study

In crder to show the feasibility of the data reduction method de,

z-trib:J i-1 .ti.n 3 typiel cas. Wab selected for simulation on a

zcmputor This ork was in prc%. .ess it the termination of the contract

The fc!lcwing is I c crrti.', cf the pr:-posed test nase, (see flo.w chort,

Figure 3) At rl- txre cf ceszsticr- !f work, the matrix involved in

P' -iti.n finding 1);d rct been inv.rtad It cresently developed that this

was eue to r1ui tion .f errneuz oefficients A delay cau.ed by the

un3viil3bilitv "f the comp-t.r and subsequent funds shortages did nct

permit th simul 3icn cf the- typicl -"se to be resumed, As mentioned in

S,:cticn 3, it is hcoad tht .n extension in scope cf the present work may

permit us to ptrsu. this invescigaticn

Syncheti. dect_ was generaced f-r the minimum besm width ef ao and

xc--400, :.450, o-'5
o , and a :trculsr crbit using the mechcds cf Aopendix

B As in an a:tual aze, an apprcxim-re pcsiti.-n was to have been found,

then alju; r cd Sz .:tion 5 for 1cshni eu

In the c eltalaticn of the position varience-covariance matrix for

the !east souare. adjustment of position in the test Lase, the approximate

values cf x ana z -re used rather than the true grid point coordinates

This is dc-s to sirnmu.re rost cicselv operational cnditions For velocity,
00we prcceed as fcl~cws Using the crre~ted values of x. and ze, x 0 and

z° are found, a-d these are then ccrrected using least squares as before

(See secticn 5)

6-1
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SECrIO 7

ERROR FROPAGAC ION STL D

7 1 General Dicusicv

rhis soction u,,4cribes, the method used in the preparation of the

/ curve. 4Ihere i-, therefore, sone duplication between this section

jad the diLcuzsior ol leatt bquirc- in Section 5, Data Reduction,) To

permit the seiectic. oci an eptimum bt.einwdrh, the position error matrix,

N )nd the velocity error ,.trix. w , were calculated for beanwidths

of So od 10 15 t30

7 h1of -su. . . s beamwidth as abcissa are

M 14 N1

presented for contours of con-tint aititude, zo , for various combinations

of horizont.l di-lacCCiat :X aud circular orbit inclinatic (Figureso

6 to 1L,

laving selected a bearnidth, line charts showing the behavior

of a - , are presented as functions of altitude (z), holding x
0 0

and 0 constant fee Figures 15 to 20. Charts are also presented show4ing

the behavior of -- , -as- . . . as a function of horizontal displace-

ment (x ), for constar.t altitude ,z . and for orbit plano angle '0;0 0

(hee Appendix C lor completc lizt of Figures

7 1 2 Derivaciop

he vriance-covariance matrix among the set of variables

I1, M is a Qyn,0etrical square array whose elements are the expected156
values Of the cros- products of the errors in the M's

Ili.1 = E ( zAM. M1J j 3

M T a IIN IM56

M 56 M 1  eM56M56

7-1
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M.M. E [(&mi ) ] _ Mi2 is the variance. The nototi'.

0mIT arises from considering the column matrix of the Mi; thus

IT 4 1 1 - 5mI 1 :z MM.J

Suppose that y. (j = 1,2)are a set of variables which

are functions of MI

Yl = xo (m 5 6)

Y2 = zo (M 1  M 5 6 )

then 56
A yJ- _t AM.

And ay k
6yaM. mi) a

i=l q q
M M

And 
AM M and taking

i=y LAyk = aM, i q

q1 qi=l q=1

expected values
M M

Z a M _M.M ;
i=! q=l I q q T

then Fa yi 1T T
aYT= L W oi LaM

Let the x and z coordinates of the grid point be denoted by

x and zo, respectively. ALL FUNCTIONS OF x AND z IN THIS SECTION WILL

BE TREATED AS THOUGH EVALUATED AT x = x, z=zo = o 0 = ." Note

for actual solution (including the test case): to adjust the approximate
0 0 . 0 10values, X ) z and xo , z° , by the use of least squares methods, the

variance-covarlance matrix is calculated for these approximate values.

7-2
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The values oi the parameters for which a/a matrices are

calculated as

x0 = 50(150)650 statute miles

z = 150(150) 1050 statute miles

0 = 0(15)900

beamwidth = b w = 80, 10(5)300

(For 0= 00,the first run showed values of a/c which are

probably the square of thc true values (I, This is due to the symmetry

of this case which causes readings on the two sides of the central plane

to be equal This effectively reduces the amount of information by one-

half and also diminishes the number of condition equations by one-half.

It was intended that this case be re-run with a more irregular scsle, but

it was not possible to do so in the time remaining.)

Assumptions

1 Covariances 'M t of the observed quantities MI) M56

q P
are zero for p

2 Variances c M of the observed quantities are

P 2equal for all p and will be denoted by aM

3 One observation is made for each of the quantities

M! , • 56.

L Fourteen condition equations are used for position.

5 Four condition equations are used for velocity.

6 Second order terms in the Taylor expansion of the

condition equations (written as residuals~may be ignored

7. rhe varianceecovariance matrix regnains approxi-

mately constant in i ons containing both the approximate and adjusted

values.

(1) This hypothesis is made on the basis of a study of the trend in be-
havior of a/a as 0 varies from 750 to 150 , Extrapolation seems to in-
dicate a good fit for 0 = 0 for the square root of the values for the
symmetric case

7-3
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7.2 Position Derivations

The condition equations are

A A(0) = gi (M x ' o = c. i = 1, . 14

Let E

It

A jj i -- - i = 1 4 k 1 .. 5

Notei a ik 0 only for k =j + 4 (i-1)

j = 1, 14 i 1, 14
=ik 2 (pj + Mij) Al +' AT

where

j = k - 4 (i-1) and A(i  is the jqth cofacor (signed minor)of.iq faorsiedinrf
the determinant

(; " 'mil;2 d12 Pi 
+ Mil X Z1

(2) C i2) -d2  2 + Mi2 X2 Z2A(8 32=

(C3 + Mi3)2 -di2 03 .- M X3  Z3

2 2

(C4 4 Mi4 , 2d 4
2  ('4 + "'i4 X4  Z4

Let

ap×
j=1 j=l

Let 1, 14

C : Cij 1 1j= , .

D = lpp -z

7-4
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ThenA i)  
A )

cijn 2 (pj + Mij) Ajl + Aj2

0) (0)

pj ji Aj2

and

D ~d jqj =ldj 1 d j2

.:-X. z -Z.x + I a + -a1

r 0 r r r i

ji . .. 4

Note that (r )2 (x)2 + (z) 2

n 2 2(ri (x - Xj) + (z - Z.)

Then B = CD

Let a 0 be a diagonal matriY. each element of which has the value
2

In our case we assume the o, = oM  are all equal and set = I.

Then let I= BT (A o A')-'

B T (A .T)-l

and let N H B

then N- I=xx xz

7.3 Velocity Derivations

The condition equations are

M.. ap. ap
t ox az p

j = i, ,.. 4 p = j + 14

7-5
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where

NJ = xi with k= 28+j

and where

fa and - - are iwaluated for the adjusted x and zZx &Z 0 0

r=l, .. 4

Let A=A = a j .14v velocity I rj p r g1
i p~r+14

Then a .e a L for r Jrj Z L

0 for r j

Let Bv = Bvelocity b rq !PP - a

Then b .. - r 41, .

p1  =l1, 2

bp2 = " -z p= j + 14

S I= BT (A A T)l B]

The curves for _ and _z are straight lines on log log paper,

CM a M

(see Figures 6abcd to 14abcd), when plotted vs beamwidth, and so
a. a.

x z w)n
,_ - = I (b o It turns out that in all cases n = -1 and the

value of k is 10 times the sigma ratio evaluated for b.w. = 100.

7-6
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APPENDIX A

NOTATION
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APPENDIX A

NOTATION

x horizontal dimension coordinate

v transverse horizontal dimension coordinate

z vertical dimension coordinate

x0  x coordinate of grid point

z z coordinate of grid point

t time parameter

6t duration of siogle time increment nt

i vehicle path point index (reading index)

j station index

gi condition equation functions

A least squares matrix

E( ) expected value of ( )
Ei residuals

.th
Hij,Mk)Aij or6 k  range sum differencescorresponding to the j

reading at the ith station. k=4(i-l)+j

RI,.. ,R 4  rcceivers

T transmitter

orbital plane inclination angle

beamwidth
p. range-sum, i e distancetransmitter-vehicle-ground.

2 a variance

covariance
xz

P. range sums to grid point

xx coordinate of the ith path-point

xi  y coordinate of the ith path-point

z. z coordinate of the iCh path-point

xoz 0'xo , Z adjusted values of unknowns

A-I
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0 0 0 0
X0 , Z 0  X0 , z0  approximate values of x0  z x0 o 0

0 0 0vx, vz, vk, vi adjustments for x0 , z0  k 0 i 0 to obtain x0 ,") x 0

Qij observed total cycle counts.

ULnits lengths: miles (statute)
time: seconds
angles; degrees

A-2
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APPENDIX B

GENERATION OF SYNTHETIC ORBIT DATA
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B 3 Selection o. Period of Cycle Cou't

Time of entry is artificially determined by incrementing time

until an orbit point is fcurde which lies inside the inner beam. ( A

point at which the vehicle is acquired by all receivers.) This will not,

except in most unusuai c e,. be the actual time of entry,

B 3 1 Calcuiatio', of -,t for 0 - 0 (15) 750

Calculate

IR' * h [ )c 2a 2 . b) 2 ] 1/2

1 24 x 10
3

IF + h 3/2
R

t 0 sin I-( ,tn

7(R + hT coc 0

tI  A (in this case A = .2 sec)

Determine the smallest s such that

y 't1  [z (ts 'c ] (tan 4

where

y t) = -(R + h, co G 0 sin wt

z :t, = b' + (x o2a, sin 0 sin wt + (-b'+ z ) cos cot

Let
At = ts/1

Let
1. = (i-8, At 1 < i < 71-

=(i 7 At 8 < i < l4

=0 i=0

B 3 2 Calcuiat'on of AL for 0 = 90

For each of the 7 sets

x 0= 400 miles 0 900

z = 1501150*1050 miles

00
Calculate 'R " bi (xc- 2a,2 + (z 0 b') 2 1i/2

B-2
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1 10-

i 41 2a

Jt --- ta' I
Al. 0 b '

B 4 Orbit Generatio, Eauations

B 4 1 Fosition

Given "al and arzuming 2 ;o'iLtdnL earth radius R to each of the

five stations (R2 .d) (

2 2 <2

c (R 2  2 )J/2 ( 20 2 ) 12

See Figure 5

Compute 4S valueE i 0 14

= + z hin 0 sin )t i + X 2& cos w .

y= (R h cos s sin U i

z i. = b' 4- 'Xc.2, sin 0 sin a) t i  (-b' + z ' cos t.L

B t 2 11elocitv

Ccmput:? the twc values

X0- t~b' + z , - in

z = - 2a, sinO
G 0

where x ) z(x z

B 5 Generation of Ranae Sums

Let oi denote range-surq Comnruce the 56 values

i4 i

2 2 2 1 1/2 2 2

L JJ
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Computc the 5 value-

12
r = x ox, z is a grid ooint

rj -f [(xo Xj1 2 + (z. ZJ)2 1 1/2 1 < j : 4

B 6 Range Sum Difference

Let

B o i Irtroau-tion of Errcr .vto "true" Range.Sum Differences
So to ;Imulate realittic conditions, errors in

6ij M' be introducea This is usuilly done either by means of fixed

bias crtor or rando-n erro*r generation

> any case let

ij rrJ o ij

In the error iess case, oE course.

&ij N MJ

B-4
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APPENDIX C

ILLUSTRATIONS
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APPENDIX C

LIST OF ILLUSTRATIONS

Pigure Number Title

Flow Chart- Synthetic Data Generation

2a Flow Chart. Data Reduction - Position

2b Flow Chart- Data Reduction - Velocity

3 Flow Chart- Test Case

4 Beam Configtiravion
S Station Configuration

-1 0 0 0
6abcd to l4abcd A plot of al Z x Z vs Beamwidth for fixed x and 0,

for constant contours of z.

o o
15ab to 20ab A plot of x- -, vs z for fixed x ond Piamwidth, for

constant contours of 0

o 0
21ab to 28ab A plot of , 'M vs x for fixed Beamwidth and 0, for

constant contours of z

C C 0 0.
29ab to 34 ab A plot of , x - vs z for fixed x and forSM, C m, . m ' 'Mvszfrfxd adfo

constant contours of Beamwidth,

o 0 0 .
35abcd' A plot of x, -- -, - vs z for fixed xand 0, for

0 M, 4 a 1  014m

constant contours independent of Beamwidth.

C-I
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